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Wave dispersion in gyrotropic relativistic pulsar plasmas
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Wave dispersion in a gyrotropic relativistic pulsar plasma is discussed. A pulsar plasma in general contains
electrons, positrons, and possibly ions. Although electron-positron pairs are dominant in number density,
charge neutrality is generally not satisfied and the gyrotropic terms need to be considered. These gyrotropic
terms can lead to elliptical polarization that may be relevant for the observed circular polarization of pulsar
radio emission. The wave dispersion and polarization are obtained numerically by calculating the response in
terms of the three relativistic plasma dispersion functions. For waves propagating at an oblique angle~to the
ambient magnetic field! a significant ellipticity requires the plasma to deviate substantially from the neutrality
condition.
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I. INTRODUCTION

The mechanism of pulsar radio emission is not well u
derstood. It is generally thought that the radio emission
generated in an electron-positron plasma that is created
a pair cascade near the pulsar polar cap~e.g., Ref.@1#!. The
plasma, which we call the pulsar plasma, flows along o
field lines with a bulk relativistic velocity. The specifi
mechanism for production of pulsar plasma involves acc
eration of primary electrons~or positrons! to ultrarelativistic
energy along the open field lines by a rotation-induced p
allel electric field@2–5#. These ultrarelativistic primary par
ticles radiate high-energyg rays, which decay into electron
positron pairs in strong pulsar magnetic fields. These p
together with primary particles form a relativistic plasma th
flows out along the open field lines.

There are extensive discussions in the literature on
wave properties in the pulsar plasma@6–14#. However, the
pulsar plasma remains poorly understood. Most of these
lier studies assumed a nongyrotropic plasma, that is, one
contains equal numbers of electrons and positrons with
same distribution functions. An important implication of th
assumption is that all relevant waves are linearly polari
@7–9#. In practice, charge imbalance must occur, mainly d
to the primary beam@2–4#, or relative motion of electrons
and positrons, implying that the distributions of bulk ele
trons and positrons are not identical@10#. When the distribu-
tion functions of electrons and positrons are not the same
plasma is gyrotropic, implying that the natural wave mod
are elliptically polarized in general.

Although pulsar radio emission is predominantly linea
polarized, a significant component of circular polarization
observed for most pulsars~e.g., Ref.@15#!. One possible in-
terpretation of circular polarization is that it reflects the
lipticity of the natural wave modes due to charge asymme
@10,16–18#.

Both the cyclotron effect and intrinsic relativistic effe
were considered in a recent study of wave dispersion in
sar plasmas in the nongyrotropic approximation@14#. Inclu-
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sion of the gyrotropic terms was recently considered in R
@18# in the low-frequency approximation, corresponding
wave frequencies much lower than the cyclotron frequen
The cyclotron effect needs to be considered for two reaso
~i! The radio emission generated near the polar cap m
propagate outward through a region with a much wea
magnetic field where the cyclotron resonance condition
satisfied.~ii ! For some pulsars the radio emission may
produced far from the polar cap, near or in the cyclotr
resonance region@19,20#. Inclusion of the cyclotron reso
nance effects on the properties of the known (O andX) wave
modes allows cyclotron absorption to occur@19,20#, and in
principle it can also lead to additional modes@14#.

In this paper we consider wave dispersion in an intrin
cally relativistic, gyrotropic pulsar plasma with the gyrotr
pic terms arising from the imbalance between the elect
and positron number densities. In particular, we discuss
liptical polarization resulting from the gyrotropic terms, an
we include the cyclotron resonance and gyrotropic terms.
discuss the possibility that the elliptical polarization due
the gyrotropic terms can lead to the observed circular po
ization in pulsar radio emission.

In Sec. II, the general formulas for the dielectric tensor
terms of the relativistic plasma dispersion functions~RPDFs!
are outlined with emphasis on the gyrotropic terms. In S
III, modified power-law distributions are introduced and t
three RPDFs are evaluated both analytically and numeric
in the plasma rest frame. Wave dispersion and polariza
for a gyrotropic pulsar plasma are discussed in detail in S
IV.

II. THE DIELECTRIC TENSOR

Plasma dispersion can be obtained from the dielectric
sor, which can be derived in the one-dimensional approxim
tion for a pulsar plasma. In the strong pulsar magnetic fi
electrons~positrons! relax to their ground Landau states. C
clotron absorption involves transitions between the grou
and first excited Landau states and we include this proces
treating the escape of the radiation. However, the numbe
electrons or positrons in the first excited state is assume
be small and can be neglected.
©2002 The American Physical Society05-1
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Q. LUO, D. B. MELROSE, AND D. FUSSELL PHYSICAL REVIEW E66, 026405 ~2002!
The dielectric tensor for relativistic pulsar plasmas can
written in terms of three relativistic plasma dispersion fun
tions @11,12,14#. We summarize here the relevant formul
with emphasis on the gyrotropic terms. The relevant re
nances are described byv2kiv2sVe /g50 with s50,
21, and 1 corresponding, respectively, to the Cˇ erenkov,
anomalous cyclotron, and normal cyclotron resonanc
where Ve is the cyclotron frequency. Letz5v/ki be the
parallel phase velocity~we setc51) andy5Ve /ki . There
are two solutions to the cyclotron condition~anomalous or
normal cyclotron resonance!: z65@z6y(11y22z2)1/2#/(1
1y2). There are three parameter regions of interest:z,1,
1,z,(11y2)1/2, and z.(11y2)1/2. The Čerenkov and
anomalous cyclotron resonances can occur in the first re
and the normal cyclotron resonance is allowed in the fi
and second regions. There is no resonance in the third reg
In the following discussion we consider only the regio
with z,(11y2)1/2.

The dielectric tensor can be written into the form@14#

K115K22512
vp

2

v2

1

11y2F K 1

g L 1 (
a56

a~z2za!2R~za!

z12z2
G ,
~1!

K1252K21

52
ihvp

2

v2

y

~11y2! (
a56

a~z2za!S~za!

z12z2
, ~2!

K135K3152
vp

2

v2

tanu

~11y2!

3F2 K 1

g L 1 (
a56

aza~z2za!R~za!

z12z2
G , ~3!

K2352K325
ihvp

2

v2

y tanu

~11y2! (
a56

azaS~za!

z12z2
, ~4!

K33512
vp

2z2

v2
W~z!1

vp
2

v2

tan2u

11y2 F K 1

g L 1 (
a56

aza
2R~za!

z12z2
G ,

~5!

where W(z), R(z), and S(z) are the RPDFs, vp
5@4pe2(n11n2)/me#

1/2, h5(n12n2)/(n11n2), the
angular brackets denote the average over the particle d
bution, andn6 are the positron and electron number den
ties. We assume that the plasma contains only electrons
positrons, and that the wave vector is in the 1-3 plane a
angleu relative to the ambient magnetic field, which is a
sumed to be along the 3 axis. The three RPDFs are defi
by

W~z!5E
2`

`

F8~u!
du

v2z
, ~6!
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R~z!5E
2`

`

F~u!
du

g~v2z!
, ~7!

S~z!5E
2`

`

F~u!
du

g2~v2z!
. ~8!

The distribution functionF(u) is normalized to 1, whereu is
the dimensionless momentum (u5gv). Calculation of the
response reduces to evaluation of the three RPDFs.
plasma is said to be intrinsically relativistic if in the plasm
rest frame the conditionDv2[12^1/g&/^g&!1 is not satis-
fied. The cold plasma limit corresponds toDv250.

III. RELATIVISTIC DISTRIBUTIONS AND RPDFS

A specific form of plasma distribution is required t
evaluate the RPDFs. However, the actual distribution of s
ondary pair plasmas in pulsars is not well understood, ma
because the distribution strongly depends on the mode
primary particle acceleration and the structure of the p
formation region@21–23#. Several types of distribution hav
been considered. These include a relativistic Maxwellian d
tribution ~the Jüttner distribution! @12,24,25#, a bell-type dis-
tribution @11#, the water-bag distribution@9#, and a power-
law distribution. The water-bag distribution has a cutoff,
vm say, and this causes the RPDFs to be singular az
5vm . The bell-type distributions smooth out the singulari
whose effects are entirely absent only for the Ju¨ttner distri-
bution.

To calculate the RPDFs we consider the plasma rest fra
and introduce a power-law-like distribution given by

F~u!5Npg2p~gm
2 2g2!2, 2um<u<um , ~9!

whereum is the cutoff, withgm5(11um
2 )1/251/(12vm

2 )1/2.
We call the distribution a modified power-law~MPL! distri-
bution. It resembles a power-law distribution but gives rise
RPDFs that are continuous at the cutoffv5vm ~Fig. 1!. The
special casep50 corresponds to the soft-bell distributio
@11#. The normalization constantNp is given by

Np5F E
2vm

vm
dv g2p13~gm

2 2g2!2G21

. ~10!

For p50,61,2,3 we have

N0515/~16um
5 !, ~11!

N154@23umgm~112um
2 !1~318um

2 gm
2 !arcsinhum#21,

~12!

N21524@umgm~8um
4 210um

2 23!

13~8um
4 14um

2 11!sinh21 um#21, ~13!

N25F2
2

3
um~315um!12gm

4 arctanumG21

, ~14!

N35@umgm~312um
2 !2~314um

2 !arcsinhum#21. ~15!
5-2
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For a givenp, the two relevant averages^1/g& and ^g& can
be written in the forms

K 1

g L 5Np /Np11 , ~16!

^g&5Np /Np21 . ~17!

The mean square speed is then given byDv251
2Np21 /Np11.

FIG. 1. The MPL distributions~relative scale!. A symmetric

distribution with F(u)5F(2u) can be written asF̂(g)5F(@1
21/g2#1/2g). The dashed curve is a simple power-law distributi
(g2p) with p52.2. The soft-bell distribution can be regarded a
special case of the MPL distributions (p50). We assumegm55.5
for the soft-bell distribution andgm520 for the MPL distribution.
In both cases we havêg&'2.
02640
The distributions withp.0 appear intrinsically less rela
tivistic than that withp50. Figure 2 shows plots ofDv2

against̂ g&. For a given̂ g& the corresponding mean squa
speed is generally lower for the distribution withp52 than
that for the soft-bell distribution. This ‘‘softness’’ leads t
RPDFs with relatively broader peaks~see the discussion in
the following section!.

A. RPDFs for a soft-bell distribution

The soft-bell distribution (p50) was discussed in deta
in Refs. @11,12,14#. The analytic expressions for two of th
RPDFs,W(z) andR(z), are known@14#:

FIG. 2. The mean square velocity (Dv2) vs ^g& for the soft-bell
~solid curve! and MPL~dashed curve! distributions.
W~z!5
15

32vm
5 gm~12z2!F2vm1

2vm

12z2 ~4z223vm
2 2z2vm

2 !1~3z416z2211vm
2 z423vm

2 26vm
2 z2!

12vm
2

~12z2!2 lnU11vm

12vm
U

1
8z

gm
2

~vm
2 2z2!

~12z2!2 lnUvm1z

vm2zUG2 ip
15z~um

2 2u0
2!

4um
5 ~12z2!2 H~vm2z!, ~18!

R~z!5
15gz

6

128vm
5 gm

H 22zvm@~7vm
2 21!22z2~115vm

2 !13z4~11vm
2 !#1z@vm

4 ~15210z213z4!2vm
2 ~6112z222z4!2113z4

16z2# lnU11vm

12vm
U28~vm

2 2z2!2lnUvm1z

vm2zUJ 1 ip
15gz

6

16vm
5 gm

~vm
2 2z2!2H~vm2z!, ~19!

where gz5(12z2)1/2 for uzu<1 and for R(z) the relevant region isuzu<1. The properties ofW(z) for both Jüttner and
bell-type distributions were considered in detail in Ref.@12#. The third RPDF,S(z), is derived in a similar way to the
derivation ofW(z) andR(z) @11,12,14#:
5-3
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FIG. 3. The relativistic dispersion functionW(z). ~a! A soft-bell distribution withgm52 (^g&51.2) and 6(̂g&52.2). The curve with the
sharper peak corresponds to the distribution withgm56. ~b! A MPL distribution of p52. We choosegm515 andgm528 such that̂ g&
'1.9 and 2.2. In contrast to~a!, here there is no negative peak.
,

k

ly
S~z!5
5~gzgm!4

16um
5 F2~3z225vm

2 12vm
2 z2!

vmz

gm
1

3~vm
2 2z2!2

~12z2!1/2

3 lnU~11vmz!gmgz11

~12vmz!gmgz11

vm2z

vm1zUG1 i
15gz

16um
5 F~zgz!.

~20!

Notice thatS(z) is continuous atz5vm and as forR(z) only
the regionuzu<1 is relevant for the calculation of the dielec
tric tensor.

For p50 Eqs.~14! and ~15! give

K 1

g L 5N0 /N1

5
15

128vm
5 gm

F ~312vm
2 13vm

4 !lnU11vm

12vm
U

26vm~11vm
2 !G . ~21!

The average Lorentz factor is given by

^g&5N0 /N215
5

128um
5 @umgm~8um

4 210um
2 23!

13~8um
4 14um

2 11!sinh21um#. ~22!

B. RPDFs for MPL distributions

Analytical forms for the RPDFs can be obtained for
MPL distribution with a given integerp. Here we consider
only p52 as an example. The RPDFs are
0264
-

a

W~z!52N2gm
2 F24vm1

12vm
2

12z2 lnS 11vm

12vm
D

12
vm

2 2z2

12z2 lnUvm2z

vm1zUG14ipN2gm
2 zS 12

gm
2

gz
2 D

3H~vm2z!, ~23!

R~z!52N2gm
2 H zgz

2

2gm
2 F2vm2S 31vm

2 2
2gz

2

gm
2 D

3 lnS 11vm

12vm
D G1S 12

gz
2

gm
2 D 2

lnUvm2z

vm1zUJ
1 ipN2~gz

22gm
2 !2H~vm2z!, ~24!

S~z!5
N2gm

4

gz
F2zgzS vm

gm
3 2arcsinvmD 2S 12

gz
2

gm
2 D 2

3 lnU~11vmz!gzgm11

~12vmz!gzgm11

vm2z

vm1zUG
1 ip

N2

gz
~gz

22gm
2 !2H~vm2z!, ~25!

whereuz5zgz .
The RPDFs are shown in Figs. 3~a! and 4~a! for the soft-

bell distribution and Figs. 3~b! and 4~b! for the MPL distri-
bution with p52. As in the case of soft-bell distributions
W(z) has a peak atz51. Although^g& has similar values in
these two cases, forp52, W(z) has a much broader pea
than forp50 and the negative peak that is seen in Fig. 3~a!
broadens to become invisible@cf. Fig. 3~b!#.

Figures 4 show that the properties ofS(z) are very similar
to those ofR(z) in that both of them are predominant
negative and peaked towardz51. One hasS(1)521 and
05-4
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FIG. 4. Plots ofR(z) ~dashed! andS(z) ~solid!. ~a! A soft-bell distribution withgm56 ~narrow peaks! andgm52 ~wide peaks!. ~b! A
MPL distribution ofp52 for gm528 ~narrow peaks! and 2.4~wide peaks!. In both cases, the two functions are similar in that both of th
are predominantly negative and peaked nearz51 for gm@1. As z→1 we haveS(z)→21. Note that in~b! S(z) for gm528 is peaked very
nearz51 but as in~a! we haveS(z)→21 for z→1.
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R(1)52^g& as z→1 for any symmetric distribution@cf.
Eqs.~7! and~8!#. For p52, the peaks ofR(z) andS(z) tend
to be squashed towardz51.

IV. WAVE PROPERTIES

A. Dispersion relations

Dispersion relations can be obtained as follow
Write L i j 5(k2/v2)( k̂ j k̂ j2d i j )1Ki j

H , where Ki j
H are the

Hermitian parts of the dielectric tensor given by Eq.~5!

and k̂i5ki /k. The dispersion relation is then det(L i j )
5(1/6)«abc« i j l L iaL jbL lc50, where« i jk is the antisymmet-
ric tensor. An analytic solution to the dispersion equation c
be obtained only for some special cases such as the st
magnetic field approximation or nongyrotropic approxim
tion, which were discussed, for example, by Volokitinet al.
@7#. Here we solve the dispersion equation numerically us

FIG. 5. Dispersion relations for a MPL distribution~with p
52) of a gyrotropic electron-positron plasma. We assumegm53,
vp /Ve50.01,h50.1, andu50.2. The nearly straight line below t
LO mode is theX mode.
02640
.

n
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-

g

the RPDFs. Figure 5 shows dispersion relations forh50.1.
Since the pulsar magnetic field is generally assumed to b
dipole field, waves propagating initially parallel to the fie
line can acquire a finite angle. Thus, in the plasma rest fra
the case of oblique propagation is the more plausible
sumption. In Fig. 5 we assumeu50.2 for illustrative pur-
poses.

The dispersion curves have similar features to that fo
nongyrotropic plasma@14#, showing three distinct modes
the LO mode, which has a cutoff atvc5vp^g

23&1/2, the X
mode, which is close to the light line, and the low-frequen
Alfvén mode, which is subject to strong damping at hi
frequency. Note that the distribution function in the puls
frame is in general asymmetric about the origin (u50) and
that technically the forward and backward waves may
treated separately. Nonetheless, since only the forward w
~in the pulsar frame! are of interest here, such subtlety w
not be discussed further. Since inclusion of a small cha
asymmetryh!1 introduces terms of the orderh2!1 into
the dispersion relations, it does not affect the dispers
curves very much apart from change of the cutoff frequ
cies. However, the gyrotropic effect does change the po
ization significantly~see the discussion in the next section!.

The relevant cutoffs, which correspond toki50, can be
estimated by formally taking the largez and y limits. The
dielectric tensor can be approximated by

K115K22511
vp

2

v2

1

11y2 @^gv2&1z2^g&#

511
vp

2

Ve
2 F 1

z2 ^gv2&1^g&G , ~26!

K1252K215
ihvp

2

v2

yz

~11y2!
5

ihvp
2

vVe
, ~27!

K135K3152
vp

2tanu

z2Ve
2 ^gv2&, ~28!
5-5
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FIG. 6. Polarization coefficients vski . The LO mode is approximately longitudinal at smallki ~i.e., uLLOu@uTLOu@1). Note that for the
X mode bothTX andLX are nonzero~cf. Figs. 7 and 10 below!. The plasma parameters are the same as in Fig. 5.
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K2352K3250, ~29!

K33512
vp

2z2

v2
W~z!1

vp
2tan2u

z2Ve
2 ^gv2&, ~30!

where z6→61, R(61)57^g&2^gv&57^g&, S(61)5
712^v&571, and ^gv2&52^g21&1^v&. Assuming ki
50 we have two equations,K3350, which determines the
usual cutoff of the LO mode, andK1156K12, which deter-
mines all other cutoffs that are affected by the gyrotro
term. For the LO mode, the cutoff is determined by
2(vp /v)2z2W(z)50 in the limit z→`. Since z2W(z)
→^g23& for z→` one findsvc5vp^g

23&1/2 @12#.
There are also cutoff frequencies atv6 /Ve5

6h(vp /Ve)
2/(11vp

2^g&/Ve
2)'6h(vp /Ve)

2, where the
approximation applies forvp^g&/Ve!1. This result is very
similar to that obtained in Refs.@26,27# for a cold, asymmet-
ric electron-positron plasma. Forh50.1, vp /Ve50.1, we
havev6 /Ve'1023.

B. Polarization

The wave polarization vector can be obtained as follo
using the formal procedure described in Ref.@28#. We write
the polarization vector in the form

eM5
LM k̂1TM t̂1 i â

~LM
2 1TM

2 11!1/2
, ~31!

where k̂5(sinu,0,cosu), t̂5(cosu,0,2sinu), and â
5(0,1,0). The longitudinal partLM and the axial ratioTM
are given by

TM5 i
eM• t̂

eM•â
5 i

l1 j cosu2l3 j sinu

l2 j
, ~32!

LM5 i
eM• k̂

eM•â
5 i

l1 j sinu1l3 j cosu

l2 j
, ~33!
02640
c

s

wherel i j 5(1/2)« iab« j rsL raLsb , and where the dispersio
relation is implicit. For example, choosingj 52, we obtain

eM5
~l1 j ,l2 j ,l3 j !

~l1 j
2 1l2 j

2 1l3 j
2 !1/2

,

l i j 5~1/2!« iab« j rsL raLsb , ~34!

provided thatl1 j
2 1l2 j

2 1l3 j
2 Þ0. It is sometimes convenien

to use

l125S tanu

z2 1K13DK321S tan2u

z2 2K33DK12, ~35!

l225S 1

z2 2K11D S tan2u

z2 2K33D
2S tanu

z2 1K13D 2

, ~36!

l325S tanu

z2 1K13DK121S 1

z2 2K11DK32. ~37!

In the nongyrotropic approximation (K125K3250), one has
l1250, giving LX5TX50 for the X mode. The wave is
purely transverse with polarization alongâ. Thus, in the one-
dimensional approximation, particles that move strictly alo
the field lines cannot interact effectively with this mod
through Čerenkov resonance since the electric field of t
wave is perpendicular to the direction of particle motion. F
the LO mode, owing to the dispersion relationl2250, both
TLO andLLO are in general nonzero and hence the polari
tion is in the k̂-t̂ plane.@It is convenient to obtainTLO and
LLO by choosingj 51 or 3 in Eqs.~32! and~33!.# SinceeLO
has a component along the ambient magnetic field, th
particles can interact with the subluminal LO mode in t
Čerenkov resonance.

In the gyrotropic case, polarization is in general a mix
the three components alongk̂, t̂, and â and hence the rel-
evant modes are elliptically polarized. Figure 6 shows
5-6
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FIG. 7. Polarization coefficients for the LO andX modes forh50.1 and 0.01. The upper and lower panels correspond, respective
the LO andX modes. The parameters are as in Fig. 5. The two modes are approximately orthogonal,TXTLO'21 ~cf. Fig. 9 below!.
o
e-

hes

Fig.

-

s
-
re,

for
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a

polarization coefficients for the three modes as a function
ki for h50.1, Ve51022vp , andu50.2. The corresponding
dispersion relations are shown in Fig. 5.

The LO mode is predominantly polarized in thek̂-t̂ plane
with a small polarization component alongâ. The mode is

FIG. 8. Polarization coefficientsTA ~dashed! andLA ~solid! for
the Alfvén mode. The parameters are the same as in Fig. 5.
02640
felliptically polarized with the ellipticityTLO . The LO mode
is longitudinal at smallki and becomes transverse as fr
quency increases~cf. Fig. 7!. Like the LO mode, the Alfve´n
mode is predominantly polarized in thek̂-t̂ plane but with a
considerably larger component along theâ direction than the
LO mode at low frequencies. The upper and lower branc
have different polarization features~as shown in Fig. 8,
which is obtained using the same parameters as those in
5!; the upper branch has mostlyTA.LA , while the lower
branch is mainly longitudinal.

In contrast to the nongyrotropic case, theX mode has a
significant longitudinal component (LXÞ0), which de-
creases for increasingv/vp . A small electrostatic compo
nent remains even for frequencies much higher thanvp ~cf.
Fig. 7!. The X mode is known to have subluminal region
@14#. The elliptically polarizedX mode has a nonzero com
ponent parallel to the ambient magnetic field. Therefo
when gyrotropy is included, theX mode can interact with
particles in the Cˇ erenkov resonance in the same way as
the LO mode. It is known that the dispersion equation fo
cold plasma is quadratic in the square of the refraction ind
n2. There is a pair of solutionsn6

2 with the polarization
coefficientsT6 satisfying the orthogonal conditionT1T2

521 @28#. Such a condition is generally not satisfied by
5-7
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thermal or a relativistic plasma because the dispersion e
tion has more than two solutions~e.g., the four dispersion
curves in a certain range ofki ; see Fig. 5!. However, at high
frequencies, there are only two dispersion curves, co
sponding to theX and LO modes, respectively. Figure
shows that these two modes indeed satisfy the orthog
condition for frequencies well above those for which the A
fvén mode is present. This result suggests that the disper
equation at high frequencies can be approximately descr
by a quadratic equation forn2 ~square of refraction index!.

The ellipticity for both theX and LO modes strongly de
pends on the propagation angleu and the charge asymmetr
h. For a smallu, only a smallh is needed to produce near
circular polarization. In general,u is nonzero since wave
progressively acquire angles relative to the curved field li
as they propagate outward. Thus, it is expected that in
plasma rest frame the propagation angle is oblique.
shown in Fig. 7, nearly circular polarization can be obtain
for h>0.1 ~for u50.2).

FIG. 9. Plots ofTXTLO as a function ofki for gm51.5 and 3. As
in Fig. 5 we assumevp /Ve50.01, u50.2, h50.1. The orthogo-
nality (TXTLO521) holds for largeki .

FIG. 10. An enlargement ofTX of Fig. 6. Note that the sign
change occurs atki /vp50.4, which is approximately independe
of h.
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In the low-frequency regionv/vp,1, a sign change oc
curs in TX at ki50.4, implying a switch from one sense o
elliptical polarization to the opposite. The frequency
which the polarization switches sign is not sensitive toh, as
shown in Fig. 10. This can be understood from Eq.~24! from
which the condition for sign change isl12cosu5l32sinu,
that is, K33K12cosu5K11K32sinu. Since bothK12 and K32
scale ash @cf. Eqs.~2! and~4!#, this condition is independen
of h for z'1. In the cold plasma approximation, this fre
quency is just the plasma frequencyvp .

C. Origin of the charge imbalance

One plausible mechanism for the origin of the charge i
balance is due to the presence of primary particles
have the Goldreich-Julian density particles,nGJ
5V•B/2pce'73109(0.1 s/P)(B/1012 G) cm23, where
V is the angular velocity of the neutron star andB is the
magnetic field. Thus, one hash'nGJ/2np51/2M , wherenp
is the pair number density andM is the multiplicity. Al-
though the specific value ofM is model dependent, a recen
study @21# shows that polar cap acceleration alone may
produce a largeM except for a few young pulsars that hav
extremely strong magnetic fields. Therefore most puls
may have a low multiplicity and such charge asymmetry c
lead to observable elliptical polarization.

Alternatively, charge asymmetry can be due to a diff
ence between the electron and positron distributions.
effect associated with the difference in the distributions c
be understood by considering the strong magnetic field li
z6'61. Then, the gyrotropic components areK1252K21
}zh2 j and K2352K32} j , where j [(n1^v&1

2n2^v&2)/(n11n2), and ^v&6 are the average velocitie
for positrons and electrons, respectively. When the two d
tributions are different, say they have a shift relative to ea
other @18#, the gyrotropic terms are nonzero even forh50
~i.e., the special case of equal number densitiesn15n2).
The significance of these terms depends on the specific fo
of the distributions, which are not well understood. In ge
eral, when a current is present, the gyrotropic terms witj
need to be considered.

V. CONCLUSIONS AND DISCUSSION

We have considered wave dispersion of a gyrotropic p
sar plasma with the emphasis on elliptical polarization.
charge imbalance in relativistic electron-positron plasm
gives rise to an elliptically polarized mode. In deriving th
plasma dispersion we use the three RPDFs to calculate
dielectric tensor. It is assumed that both electrons and p
trons have the same distributions but different number d
sities. For a small charge asymmetryh!1, apart from a
change in the cutoff frequencies the dispersion curves rem
very similar to those in the nongyrotropic case. However,
polarization can be quite different. The polarization coe
cients for the LO mode andX mode are calculated for MPL
distributions in the plasma frame. The result is summariz
as follows.

~i! The RPDFs for a power-law distribution can be calc
lated approximately by using MPL distributions. For a MP
distribution the RPDFs are continuous at the cutoffv
5-8
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56vm and this avoids difficulties in numerical calculation
the dispersion relations.

~ii ! As in the nongyrotropic approximation, there are thr
distinct modes: the LO mode,X mode, and low-frequency
LO mode~or Alfvén mode!. All three modes are elliptically
polarized with both longitudinal and transverse compone
In particular, for theX mode, which is purely transverse i
the nongyrotropic approximation, the wave electric field h
a component parallel to the pulsar magnetic field and th
fore can interact with particles through Cˇ erenkov resonance
in the subluminal region.

~iii ! The X and LO modes satisfy the orthogonal cond
tion, i.e.,TXTLO521, at frequencies higher than the max
mum frequency of the Alfve´n mode. The orthogonality im
plies that well above this frequency the dispersion equa
is approximately quadratic inn2, similar to that of cold plas-
mas, with the two solutions corresponding to theX and LO
modes withTXTLO'21. In the cold plasma approximatio
the orthogonal condition is satisfied for all frequencies.

~iv! In the low-frequency region (v/vp<1) the handed-
ness of the elliptical polarization for theX mode reverses fo
ki /vp'0.4, irrespective of the charge imbalanceh. In the
cold plasma, the frequency at which the polarization s
reverses reduces to the plasma frequency. More gene
the ellipticity strongly depends on the charge imbalanceh as
well as the propagation angle. The polarization becom
more circular for increasingh or decreasingu.

Although pulsar radio emission is mainly linearly pola
ized a significant component of circular polarization h
been observed for many pulsars. The presence of non
r.
o

i,

v.

.

t.

J.
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ellipticity due to charge asymmetry provides a possi
mechanism for the observed circular polarization. To obt
circular polarization, one requires either a low multiplicity
a small propagation angle. The latter condition may not
satisfied since the propagation angle is generally oblique
ing to the field line curvature. Thus, the presence of circu
polarization may require a relatively low multiplicity. Obse
vations suggest that the radio emission may involve two
thogonal modes (X and LO!, with the LO mode having a
cutoff vc5vp^g

23&. For the radio emission to be in the LO
mode, the frequency must satisfyv.vc , implying that low
multiplicities are favored~at least in the propagation region!.
The low multiplicity is also required to avoid cyclotron ab
sorption @29,20#. Figure 7 shows that nearly circular pola
ization can be obtained withM<10 for u50.2 ~in the
plasma rest frame!. These parameters are well within th
predicted range for polar cap models, e.g., Refs.@21,22#.

So far, we have considered only wave properties modifi
by charge asymmetry due to imbalance in the number de
ties of electrons and positrons, within the frequency regi
of v/ki,(11y2)1/2. To apply our result to pulsars a furthe
study of dispersion in gyrotropic plasmas is required, inclu
ing the charge asymmetry arising from differences betw
the electron and positron distributions in momenta, as wel
extending the frequency range tov/ki>(11y2)1/2.
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